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Nomenclature
A = (Ts 2 T0)(­ <n rb/­Ts)p,q(=k /r)
Ac = pre-exponential factor
B = 1/[(Ts 2 T0)(­ <n rb/­T0)p,q](=1/k)
C = speci� c heat of condensed phase
Ec = effective activation energy of condensed-phase

decomposition
Es = Ec/2
f = frequency, Hz
fr = fraction of q absorbed below surface reaction zone
J = dimensionless mean radiant heat � ux,

q/[mC(Ts 2 T0)]
Ka = absorption coef� cient of condensed phase
k = (Ts 2 T0)(­ <n rb/­T0)p,q

m, m9 = mass burning rate, rcrb,
i(2p f t1f)Dme

n = (­ <n rb/­ <n p) (same as n)T ,q0

nq = (­ <n rb/­ <n q) (=dq/r)T ,ps

ns = (­ <n rb/­ <n p) (=d/r)T ,qs

p, p9 = pressure, i2p f tDpe
Qc = condensed-phase heat release (positive exothermic)
Q̃c = Qc/[C(Ts 2 T0)]
Q̃r = frJ
q, q9 = absorbed radiant heat � ux in condensed phase,

i2p f tDqe
R = universal gas constant
Rp = pressure-driven frequency response function,

(m9/m̄)/(p9/p̄) at constant q
Rq = radiation-driven frequency response function,

(m9/m̄)/(q9/q̄) at constant p
r = (­Ts /­T0)p,q

rb = burning rate
T0, Ts = initial temperature, surface temperature
ac = condensed phase thermal diffusivity
b = optical thickness (absorption only) of conduction

zone (Kaac/rb)
D = amplitude of � uctuating quantity
d, dq = Jacobian parameters, nr 2 mk, nqr 2 mqk
l = 1 ( )(1 1 4iV)1/21 1– –2 2

m = [1/(Ts 2 T0)](­Ts /­ <n p)T ,q0

mq = [1/(Ts 2 T0)](­Ts /­ <n q)T ,p0
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n = (­ <n rb/­ <n p) (same as n)T ,q0

nq = (­ <n rb/­ <n q)T ,p0

rc = condensed-phase density
f = phase angle of Rp or Rq

V = dimensionless frequency, 2p fac/
2r b

A RECENT paper by De Luca et al.1 presents a review of
the classical problem of intrinsic stability and linear fre-

quency response of both pressure- and radiation-driven burn-
ing of solid propellants within the Zeldovich – Novozhilov
(ZN) or QSHOD framework [quasisteady gas phase and con-
densed phase (surface) reaction; homogeneous propellant; one-
dimensional heat feedback]. The purpose of this paper is to
clarify some important unstated limitations of the results re-
ported in Ref. 1, to note a few subtle errors, and to cite ref-
erences where less restrictive results have previously been
given.

First, the ZN radiation –Jacobian parameter relationship ap-
pearing in Eq. (46) of Ref. 1, ns = dq/r, is incorrect; it should
read nq = dq/r. This error appears to be more than just typo-
graphical since nq is used as a synonym for nq in the same Eq.
(46), nq = nq. This usage re� ects confusion about the basic
de� nitions of the ZN Jacobian parameters, ns and nq. The ns

and nq parameters can be given general partial derivative def-
initions, in a similar manner as the other ZN parameters2–4:

d­ <n r d ­ <n r qb b
n [ = , n [ = (1)s qS D S D­ <n p r ­ <n q rT ,q T ,ps s

However, unlike the standard ZN sensitivity parameters (n, nq,
k, m, mq, and r) that involve derivatives of the natural depen-
dent variables (rb and Ts) with respect to the natural indepen-
dent variables (T0, p, and q), ns and nq are mixed in the sense
that Ts is treated like an independent variable in being held
constant in the derivative. Often, the literature (usually West-
ern) that prefers the use of ns over d does not clearly identify
this more fundamental de� nition or recognize the relation of
ns to the standard ZN parameters (almost no references to nq

exist). To avoid such confusion as appears in Ref. 1, we rec-
ommend that the formal de� nitions [Eq. (1)] be adopted and
that nq not be used as a synonym for nq.

Second, the radiation-driven frequency response function,
Eq. (42) of Ref. 1, is not general in the same sense that the
companion pressure response expression Eq. (32) of Ref. 1 is,
i.e., for nonzero Jacobian parameter. Rather, Eq. (42) is limited
to the case of zero Jacobian parameter (dq = 0). A more general
(nonzero Jacobian) response function expression within the
QSHOD framework has been reported previously2,5:

˜kQ (l 2 1)r
n 1 d (l 2 1) 2q q

b 1 l 2 1
R =q ˜k kQ (l 2 1)r

lr 1 2 (r 1 k) 1 1 2
l l(b 1 l 2 1)

˜AQ (l 2 1)r
n AB 1 n (l 2 1) 2q q

b 1 l 2 1
= (2)˜A AQ (l 2 1)r

l 1 2 (1 1 A) 1 AB 2
l l(b 1 l 2 1)

The term involving dq (or nq) in Eq. (2) is missing in Eq. (42)
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of Ref. 1. [The validity of Eq. (2) has been veri� ed by nu-
merical solution of the unsteady differential equations for spe-
cies and energy for the case of single-step, zero-order, con-
densed-phase controlled burning.3,6]

Third, the condensed-phase pyrolysis relations assumed
[Eqs. (6) and (7) of Ref. 1], need commenting on. Equation
(6) of Ref. 1 is unnecessarily and perhaps inappropriately re-
strictive, as well as of questionable validity, for real materials
under unsteady combustion, whereas Eq. (7) of Ref. 1 is not
compatible with Eq. (32) of Ref. 1 for Rp or Eq. (42) of Ref.
1 for Rq.

Equation (6) of Ref. 1

nsr = A p exp(2E /RT ) (3)b s s s

can be represented functionally as

r = r (T , p) (4)b b s

where neither q nor T0 appear explicitly. Clearly, the
radiation– Jacobian parameters dq and nq are zero for this par-
ticular case and presumably this led to the zero-Jacobian con-
dition in the expression for Rq found in Ref. 1. However, for
a general pyrolysis condition, q or T0 can appear explicitly in
the pyrolysis relation in addition to Ts and p. That is,

r = r (T , p, q) (5)b b s

r = r (T , p, T ) (6)b b s 0

or both q and T0 can appear explicitly in place of p

r = r (T , q, T ) (7)b b s 0

Transformation among these various forms [Eqs. (5 – 7)] is eas-
ily accomplished by use of the steady burning rate law

r = r (p, T , q) (8)b b 0

and eliminating either p, T0, or q. For these more general py-
rolysis expressions [Eqs. (5– 7)], the radiation– Jacobian pa-
rameters dq and nq will not necessarily be zero. {It should be
noted that even with pyrolysis relations [such as Eq. (9), zero-
order decomposition2,7] where q appears explicitly, it is pos-
sible to have dq = 0. This is true, for example, when there is
an equivalent effect on burning rate and surface temperature
by radiant � ux and initial temperature. Conditions for the ap-
plicability of this case are discussed in Refs. 2, 4, and 7.}
These relations also show that it is an error to think that T0 is
not a parameter in the problem just because it doesn’t appear
explicitly in a pyrolysis relation [e.g., Eq. (3)], or because it
is set to some value and not varied; it is a parameter in that if
its value is changed rb and Ts change just as surely as if the
values of p or q are changed.

Aside from the formulational issues discussed earlier and
the question of zero vs nonzero Jacobian, the larger question
with Eq. (6) of Ref. 1 is, how well does it represent real ma-
terials, even with ns ¹ 0 or nq ¹ 0 (assuming a term wasnqq
added in the same ad hoc manner that the term appears)?nsp
That question can only be answered by comparison with ob-
servations. We have previously examined a rigorously derived
pyrolysis relation based on high activation energy, single-step,
zero-order decomposition6

A a exp[(2E )/RT ]c c c s2r = (9)b ˜ ˜(E /RT )[1 2 (T /T )][1 2 (Q /2) 2 Q ]c s 0 s c r

[which corresponds functionally with Eq. (7)], and found that
it matches both steady-state burn rate data and unsteady re-
sponse function data for homogeneous materials (when quasi-

steady conditions are satis� ed) using realistic parameters,
whereas the ad hoc relation (3) does not.2,4,6 The failure of Eq.
(3) can be seen in part by comparing the sensitivity parameter
relation for Eq. (9) (see Ref. 2)

2n
n = (10)s ˜ ˜k(2 2 Q 2 Q ) 2 1c r

with that for Eq. (3):

n = n 2 m[1 2 (T /T )](E /RT ) (11)s 0 s s s

[The term <n p(­ns /­ <n has been dropped from Eq. (11)p)T ,q0

for the ns in Eq. (6) of Ref. 1 to be compatible with that
appearing in Eq. (10), i.e., the ZN de� nition (see the Nomen-
clature and Ref. 2). Whether this term is indeed negligible has
not been demonstrated.] Equation (10) indicates that ns and n
should have opposite signs (the denominator is positive for
realistic conditions). The behavior of Eq. (11) appears to be
quite different: when n is negative, ns must also be negative
(m is presumably positive), and when ns is positive, n must
also be positive. This alone shows that the two pyrolysis re-
lations have very different behaviors at the sensitivity param-
eter level. Experimental response function data (laser-recoil
and T-burner) obtained for AP and double-base propellant have
shown favorable comparison with sensitivity parameters de-
rived from Eq. (9),8 but not from Eq. (3). Quasisteady, oscil-
latory response comparison is an important exercise because it
magni� es error in the steady-state burning rate laws. This is
because the quasisteady, linear response function is based on
the steady-state sensitivity parameters that are the derivatives
of the steady-state functions. Since derivatives amplify error
in the original function, unsteady response is a sensitive dis-
criminator with respect to determining the accuracy of a
steady-state burning model. We think the evidence so far sug-
gests that the formally derived zero-order decomposition re-
lation is signi� cantly more accurate at the sensitivity parameter
level than the ad hoc surface pyrolysis relation, Eq. (6) of Ref.
1, even with ns ¹ 0 or nq ¹ 0 (assuming a term was added).nqq

The other pyrolysis relation quoted [Eq. (7) of Ref. 1], also
needs commenting (although it apparently was not used exten-
sively). Equation (7) of Ref. 1 (referred to as Eq. (12) here)

n ws sr = B p (T 2 T ) (12)b s s 0

can be expressed functionally by Eq. (6). The important point
is that T0 appears explicitly. By using the steady burning rate
law [Eq. (8)] to eliminate T0, this relation can be written as
Eq. (5), from which it is evident that neither the pressure nor
radiation – Jacobian parameters will be zero (see the de� nitions
of ns and nq). Therefore, Eq. (7) of Ref. 1 is not compatible
with Eq. (42) of Ref. 1, because, in general, nq ¹ 0, whereas
Eq. (42) of Ref. 1 assumes nq = 0. Another problem that arises
because of the explicit appearance of initial temperature in Eq.
(12) is that the ns parameter appearing in Eq. (12) is not the
same as that appearing in Eq. (32) of Ref. 1. The ns parameter
appearing in Eq. (32) of Ref. 1 is the ZN parameter, which is
de� ned by a partial derivative holding constant Ts and q, not
T0. Therefore, Eq. (7) of Ref. 1 is also not compatible with
Eq. (32) of Ref. 1, unless it is recognized that the two ns

parameters appearing there are not in general the same.
Fourth and � nally, it should be noted that in the response

function expressions [Eqs. (32) and (42) of Ref. 1] there is no
need to differentiate the B parameters as Bp and Bq. In the
general ZN theory they are the same parameter, de� ned as a
partial derivative, 1/k [Eq. (19) of Ref. 1]. The � ame model
expressions for Bp and Bq in Eqs. (34/44) and (37/45) of Ref.
1 are equivalent when it is observed that zero radiative � ux
has been assumed in the pressure-driven case, which is not
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necessarily a good assumption, particularly for rocket motor
conditions.4 A more general expression for Rp, including ra-
diative heat feedback, is [see Eq. (20) in Ref. 5, Eq. (7) in
Ref. 2, Eq. (37) in Ref. 6, or Eq. (31) in Ref. 4]

n 1 d(l 2 1)
R =p ˜k kQ (l 2 1)r

lr 1 2 (r 1 k) 1 1 2
l l(b 1 l 2 1)

nAB 1 n (l 2 1)s
= (13)˜A AQ (l 2 1)r

l 1 2 (1 1 A) 1 AB 2
l l(b 1 l 2 1)
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Reply by the Author
to M. Q. Brewster and S. F. Son

L. DeLuca*
Politecnico di Milano, Milano 20133, Italy

T HE paper under discussion1 was devoted to the problem
of intrinsic burning stability of solid energetic materials.

The analysis was performed by 1) a general nonlinear ap-
proach for chemically inert condensed-phase and 2) a less gen-
eral linear frequency response function to include condensed-
phase reactions (for which the general approach could not be
applied); both approaches were developed in the � ame mod-
eling framework. The results obtained by the authors of the
Comment2 in the Zeldovich – Novozhilov (ZN) framework
were mentioned. However, the objective was understanding of
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intrinsic burning stability, not of frequency response function
(although this can help as indeed shown in the paper). The
Comment2 only pays attention to details of the ZN linear fre-
quency response function for chemically inert condensed
phase.

Within this framework, the following is our Reply.
The general Arrhenius pyrolysis function was tacitly as-

sumed of the form

n ns sq˜ ˜r = A p I exp[2(E /5T )] (1)b,Arr s s s s

with nsq = 0 for lack of experimental data.
Equation (46) (Ref. 1) should read nsq = dq/r.
It is true that Eq. (42) (Ref. 1), although general, is limited

to nsq = 0.
Both Arrhenius and KTSS pyrolysis laws are � ne if the

proper compatibility relationships are used. For pressure-
driven burning only, these compatibility relationships (related
to the pyrolysis Jacobian) are discussed in detail for Arrhenius
pyrolysis in Ref. 3 and for KTSS pyrolysis in Ref. 4. For
pressure-driven burning with arbitrary initial temperature, the
proper compatibility relationships are discussed in Ref. 5. A
more general treatment allowing for radiation-driven burning
is under preparation. Notice that in the paper under discussion,
initial temperature is not a parameter (see line 3 subsection
II.A on page 806, Ref. 1). In addition, please consider that any
mathematically smooth and increasing (with temperature) py-
rolysis laws are allowed for the general nonlinear approach
developed to test intrinsic burning stability. The Arrhenius sur-
face pyrolysis is a particular pyrolysis law used to compute
linear frequency response functions only, whereas the KTSS
surface pyrolysis was never implemented.

The overall problem of simultaneous pressure- and radia-
tion-driven burning is fully analyzed under broad terms in of
Ref. 1, Fig. 4 page 810; an even more general treatment, al-
lowing for radiation penetration, is in Ref. 6. Whether to use
Bp or Bq is irrelevant, as shown by Eqs. (53) and (54) on page
810 of Ref. 1, whereby several parameters used in the litera-
ture, including Bq or Bp, are simply particular expressions of
the more general a and b formalism (see de� nitions on page
807 of Ref. 1). Perhaps the confusion is because of another
minor, but important, misprint: Ref. 1, Eq. (54) should read

K = q = A = 1 1 A 2 AB = b = 1 1 k/r 2 1/r (2)DB KTSS q

(b disappeared in the � nal print).
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